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Selberg’s zeta function for the modular group in the critical strip
Yasufumi Hashimoto
Abstract
In the present paper, we study the growth of the Selberg zeta function for the modular
group in the critical strip.
1 Introduction and the main theorem
Let H := {x + y√−1 | x, y ∈ R, y > 0} be the upper half plane and Γ a discrete subgroup
of SL2(R) with vol(Γ\H) < ∞. Denote by Prim(Γ) the set of primitive hyperbolic conjugacy
classes of Γ and N(γ) the square of the larger eigenvalue of γ. The Selberg zeta function for Γ
is defined by
ZΓ(s) :=
∏
γ∈Prim(Γ),n≥0
(1−N(γ)−s−n), Res > 1.
It is well known that ZΓ(s) is analytically continued to the whole complex plane and has a
functional equation between the values at s and 1 − s (see, e.g. [5]). The aim of the present
paper is to study the growth of ZΓ(s) in the critical strip as |Ims| → ∞.
For the Riemann zeta function
ζ(s) :=
∏
p
(1− p−s)−1, Res > 1,
there have been various works on the growth in the critical strip. In fact, it was proved [6] that
ζ(1/2 + iT )≪ǫ T
32
205
+ǫ
and has been considered that ζ(1/2 + iT ) ≪ǫ T ǫ as T → ∞. On the other hand, it is known
that
logZΓ(σ + iT ),
Z ′Γ(σ + iT )
ZΓ(σ + iT )
≪ǫ T 2−2σ+ǫ, as T →∞ (1.1)
for 1/2 < σ < 1 (see [5] for co-compact Γ and [7] for Γ = SL2(Z)). This means that the growth
of ZΓ(s) is exponential of |Ims| and is quite different to the Riemann zeta function.
In the present paper, we improve (1.1) for the modular group. The main result is as follows.
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Theorem 1.1. Let Γ = SL2(Z) and s = σ + iT with 1/2 < σ < 1. Then we have
Z ′Γ(s)
ZΓ(s)
≪ǫ
{
T
19
9
− 20
9
σ+ǫ, (12 < σ ≤ 58),
T
52
27
(1−σ)+ǫ, (58 < σ < 1),
as T →∞ (1.2)
for any ǫ > 0.
To prove Theorem 1.1, we first describe Z ′Γ(s)/ZΓ(s) by a sum over γ ∈ Prim(Γ) as given in
Proposition 2.1. For Γ = SL2(Z), such a sum can be expressed in terms of the class numbers
and the fundamental units of the primitive indefinite binary quadratic forms, and then we can
prove Theorem 1.1 by using the large sieve method for the Dirichlet L function and van-der
Corput’s exponential sum estimate.
2 Proof of Theorem 1.1
We first state the following explicit formula for Z ′Γ(s)/ZΓ(s) to prove Theorem 1.1.
Proposition 2.1. Let s = σ + iT ∈ C with 1/2 < σ < 1. Then we have
Z ′Γ(s)
ZΓ(s)
=
∑
γ∈Prim(Γ),j≥1
N(γ)j<x
logN(γ)
1−N(γ)−j
(
1− N(γ)
j
x
)
N(γ)−js
+Oǫ
(
T−2x1−σ + T 1+ǫx
1
2
−σ+ǫ
)
, as T, x→∞
for any ǫ > 0.
Proof. For V = T 3 and ǫ > 0, let C be the rectangle with the corners 1 + ǫ − iV , 1 + ǫ + iV ,
1/2 + ǫ+ iV , 1/2 + ǫ− iV , and
J :=
1
2πi
∫
∂C
Z ′Γ(z)
ZΓ(z)
xz−s
(z − s)(z − s+ 1)dz,
where the integral is in an anti-clockwise direction. Since the singular point of Z ′Γ(z)/ZΓ(z) in
C is only a single pole at z = 1, we have
J =
Z ′Γ(s)
ZΓ(s)
+
x1−s
(1− s)(2− s) (2.1)
by the residue theorem. Next, divide J by
2πiJ =
∫
∂C
=
∫ 1+ǫ+i∞
1+ǫ−i∞
−
∫ 1+ǫ−iV
1+ǫ−i∞
−
∫ 1+ǫ+i∞
1+ǫ+iV
+
∫ 1/2+ǫ+iV
1+ǫ+iV
+
∫ 1/2+ǫ−iV
1/2+ǫ+iV
+
∫ 1+ǫ−iV
1/2+ǫ−iV
=:J1 − J2 − J3 + J4 + J5 + J6.
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Due to (1.1), we can bound J2, . . . , J6 by
J2, J3 ≪ǫ
∫ ∞
V
|u|ǫ x
1−σ
(u− T )2 + 1du≪ V
−1+ǫx1−σ, (2.2)
J4, J6 ≪ǫ V 1+ǫx1−σ(V − T )−2 ≪ V −1x1−σ, (2.3)
J5 ≪ǫ
∫ V
−V
|u|1+ǫ x
1/2−σ
(u− T )2 + 1du≪ǫ T
1+ǫx1/2−σ. (2.4)
The remaining term J1 is given by
1
2πi
J1 =
∑
γ∈Prim(Γ),j≥1
logN(γ)
1−N(γ)−jN(γ)
−js · 1
2πi
∫ 1−s+ǫ+i∞
1−s+ǫ−i∞
(x/N(γ)j)z
z(z + 1)
dz
=
∑
γ∈Prim(Γ),j≥1
N(γ)j<x
logN(γ)
1−N(γ)−j
(
1− N(γ)
j
x
)
N(γ)−js. (2.5)
The proposition follows from (2.1)–(2.5).
It is known that there is a one-to-one correspondence between equivalence classes of primitive
indefinite binary quadratic forms and the elements of Prim(SL2(Z)), and its correspondence is
given as follows.
[a, b, c] = ax2 + bxy + cy2 ↔


t+ bu
2
−cu
au
t− bu
2

 , (2.6)
where D := b2 − 4ac is the discriminant of [a, b, c] and (t, u) is the smallest positive solution of
the Pell equation t2 −Du2 = 4 (see e.g. Chap. 5 in [3]). Due to the correspondence above, we
have
ψs(x) :=
∑
γ∈Prim(Γ),j≥1,
N(γ)j<x
logN(γ)
1−N(γ)−j
(
1− N(γ)
j
x
)
N(γ)−js
=
∑
D∈D,j≥1
ǫ1(D)j<x1/2
2 log ǫ1(D)h(D)
1− ǫ1(D)−2j
(
1− ǫ1(D)
2j
x
)
ǫ1(D)
−2js,
where D is the set of D > 0 with D ≡ 0, 1 mod 4, ǫ1(D) := 12(t + u
√
D) = 12(t +
√
t2 − 4) and
h(D) is the class number in the narrow sense (see also [10]). Applying the works of Kuznetzov
and Bykovskii [9, 2] (see also [11, 1]), we can write ψs(x) as follows.
ψs(x) =2
∑
3≤t<X
L(1, t2 − 4)
(
1− ǫ(t)
2
x
)
ǫ(t)1−2s, (2.7)
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where X := x1/2 + x−1/2, ǫ(t) := 12(t+
√
t2 − 1) and
L(z,D) :=
∑
dl2=D
l1−2zL
(
z,
(
d
∗
))
=
∑
dl2=D
l1−2z
∑
n≥1
(
d
n
)
n−z.
To estimate ψs(X), we prepare the following two lemmas.
Lemma 2.2. (Theorem 2 of [4]) For z ∈ C and a Dirichlet character χ, let L(z, χ) :=∑
n≥1 χ(n)n
−z be the Dirichlet L-function. Then we have
∑
χ∈S(Q)
∣∣∣∣L
(
1
2
+ iu, χ
)∣∣∣∣
4
≪ǫ (Q(|u|+ 1))1+ǫ
for ǫ > 0, where S(Q) is the set of all real primitive characters of conductor at most Q.
Lemma 2.3. (see, e.g. Corollary 8.13, 8.19 of [8]) Let a, b be real numbers with b− a ≥ 1 and
f(x) a real function. Suppose that f(x) satisfies that Λ2 ≤ |f (2)(x)| ≤ η2Λ2 and Λ3 ≤ |f (3)(x)| ≤
η3Λ3 on [a, b] for some Λ2,Λ3 > 0 and η2, η3 ≥ 1. Then we have∑
a<n<b
e(f(n))≪ η2Λ1/22 (b− a) + Λ−1/22 ,
∑
a<n<b
e(f(n))≪ η1/23 Λ1/63 (b− a) + Λ−1/63 (b− a)1/2,
where the implied constants are absolute.
Proof of Theorem 1.1. We first study ψs(x). Denote by s = σ+ iT with 1/2 < σ < 1 and define
the value λq(D) by L(z,D) =
∑
q≥1 λq(D)q
−z. Due to §5 of [11], we have
L(1,D) =
∑
q≥1
λq(D)q
−1e−q/U − 1
2πi
∫ 1
2
+i∞
1
2
−i∞
L(z,D)U z−1Γ(z − 1)dz
for U > 0. Then ψs(x) is written as follows.
ψs(x) =2
∑
q≥1
q−1e−q/U
∑
3≤t<X
λq(t
2 − 4)
(
1− ǫ(t)
2
x
)
ǫ(t)1−2s
− 1
πi
∫ 1
2
+i∞
1
2
−i∞
U z−1Γ(z − 1)
∑
3≤t<X
L(z, t2 − 4)
(
1− ǫ(t)
2
x
)
ǫ(t)1−2sdz
=:A1 +A2.
By the definition of L(z,D), we see that
∑
3≤t<X
∣∣∣∣L
(
1
2
+ iu, t2 − 4
)∣∣∣∣
4
≪ǫ Xǫ
∑
χ∈S(X2)
∣∣∣∣L
(
1
2
+ iu, χ
)∣∣∣∣
4
,
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and then we get
∑
3≤t<X
∣∣∣∣L
(
1
2
+ iu, t2 − 4
)∣∣∣∣≪ǫ X 54+ǫ(|u|+ 1) 14+ǫ
due to Lemma 2.2 and Ho¨lder’s inequality. Thus A2 can be bounded by
A2 ≪ǫ U−
1
2
∫ 1
2
+i∞
1
2
−i∞
|Γ(z − 1)|
∑
3≤t<X
|L(z, t2 − 4)|ǫ(t)1−2σdz ≪ǫ U−
1
2x
9
8
−σ+ǫ. (2.8)
According to Lemma 2.3 of [11], we have
A1 =
∑
q≥1
q−1e−q/U
∑
q2
1
q2=q
q−12
∑
k mod q2
S(k2, 1; q2)
∑
3≤t<X
e
(
kt
q2
− T
π
log ǫ(t)
)(
1− ǫ(t)
2
x
)
ǫ(t)1−2σ ,
(2.9)
where e(x) := e2πix and
S(n,m; c) :=
∑
a,b mod c
ab≡1 mod c
e
(
am+ bn
c
)
is the Kloostermann sum. It is easy to see that Lemma 2.3 yields the exponential sum estimate
∑
N≤t<2N
e
(
kt
q2
− T
π
log ǫ(t)
)
≪ min(T 12 + T− 12N,T 16N 12 )≪


T
1
6N
1
2 , (N < T 2/3),
T
1
2 , (T 2/3 ≤ N < T ),
T−
1
2N, (N ≥ T )
for N > 1, and then the sum over t in (2.9) can be bounded by
∑
3≤t<X
e
(
kt
q2
− T
π
log ǫ(t)
)(
1− ǫ(t)
2
x
)
ǫ(t)1−2σ ≪ T− 12x1−σ + T 76− 43σ + T 16 .
Since S(k2, 1; q2)≪ǫ q1/2+ǫ2 , we can estimate A1 as follows.
A1 ≪ U1/2+ǫ(T−
1
2x1−σ + T
7
6
− 4
3
σ + T
1
6 ). (2.10)
Combining (2.8), (2.10) and Proposition 2.1, we have
Z ′Γ(s)
ZΓ(s)
≪ǫ T−
1
4x
17
16
−σ+ǫ + (T
7
12
− 2
3
σ + T
1
12 ) + x
9
16
− 1
2
σ+ǫ + T−2x1−σ + T 1+ǫx1/2−σ+ǫ.
The result of Theorem 1.1 for 12 < σ ≤ 58 is derived from the above with x = T
20
9 . We can
obtain the result for 58 < σ < 1 by the Phragmen-Lindelo¨f convexity theorem.
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